Infinitely many sign changing solutions of an elliptic problem involving
  critical Sobolev and Hardy-Sobolev exponent by Bhakta, Mousomi
ar
X
iv
:1
41
0.
78
80
v1
  [
ma
th.
AP
]  
29
 O
ct 
20
14
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∗
Abstract
We study the existence and multiplicity of sign changing solutions of the following equation


−∆u = µ|u|2
⋆−2u+ |u|
2∗(t)−2u
|x|t
+ a(x)u in Ω,
u = 0 on ∂Ω,
where Ω is a bounded domain in RN , 0 ∈ ∂Ω, all the principal curvatures of ∂Ω at 0 are negative
and µ ≥ 0, a > 0, N ≥ 7, 0 < t < 2, 2⋆ = 2N
N−2
and 2⋆(t) = 2(N−t)
N−2
.
Keywords: sign changing solution, multiple critical exponent, Hardy-Sobolev, infinitely many
solutions.
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1 Introduction
In this article we study the following elliptic problem:
−∆u = µ|u|
2⋆−2u+ |u|
2⋆(t)−2u
|x|t + a(x)u in Ω,
u = 0 on ∂Ω,
(1.1)
where Ω is a bounded domain in RN , ∂Ω is C3, 0 ∈ Ω¯ and
µ ≥ 0, a ∈ C1(Ω¯), a > 0, 0 < t < 2, and 2⋆(t) =
2(N − t)
N − 2
. (1.2)
Here 2⋆ is the usual critical sobolev exponent 2N
N−2 .
By a solution of the above equation we mean u ∈ H10 (Ω) satisfying∫
Ω
∇u · ∇vdx = µ
∫
Ω
|u|2
⋆−2uvdx+
|u|2
⋆(t)−2uv
|x|t
dx+
∫
Ω
a(x)uvdx ∀v ∈ H10 (Ω).
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Equivalently, u is a critical point of the functional I,
I(u) =
1
2
∫
Ω
|∇u|2 dx−
1
2
∫
Ω
a(x)|u|2 dx−
µ
2∗
∫
Ω
|u|2
∗
dx−
1
2∗(t)
∫
Ω
|u|2
∗(t)
|x|t
dx. (1.3)
I is a well defined C1 functional on H10 (Ω) for any open subset of R
N , thanks to the following
Hardy-Sobolev Inequality ,
Hardy-sobolev inequality: Let N ≥ 3, 0 ≤ t < 2. Then there exist a positive constant
C = C(N, t) such that

∫
RN
|u|2
⋆(t)
|x|t
dx


2
2∗(t)
≤ C
∫
RN
|∇u|2dx ∀ u ∈ C∞0 (R
N ). (1.4)
Equation (1.1) involves multiple critical exponents, namely, critical Sobolev exponent and
Hardy-Sobolev exponent. In recent years a lot of attention has been given to the existence of
nontrivial solutions of problem (1.1). As it is mentioned in [17], one can apply the pioneering
idea of Brezis and Nirenberg [3], to obtain a positive solution of (1.1).
When Ω = RN and the function a is singular at the origin, existence of positive solution to
more general type equations involving multiple critical exponents was studied by Fillippucci,
et all [13] using Mountain Pass Lemma of Ambrosetti and Rabinowitz [1]. There the crucial
step is to show that the mountain pass value is strictly less than the first energy level at
which the Palais-Smale condition fails. For the existence of the mountain pass solution of
(1.1), we also refer [14] and the references there-in. As it is pointed out in [17] that, when
0 ∈ ∂Ω, the mean curvature of ∂Ω at 0 plays an important role in the existence of mountain
pass solutions (see [6], [11], [12], [14]).
In [17], Yan and Yang have considered the problem (1.1) with a ∈ C1(Ω¯) and a(0) > 0. They
have proved the existence of infinitely many solutions using the compactness of the solutions
of Brezis-Nirenberg type problem established by Devillanova and Solimini [7] for N ≥ 7.
But [17] does not have any information about the existence and multiplicity of sign changing
solutions. Also, it is wroth mentioning that, one can not obtain the existence of infinitely
many sign changing solutions of (1.1) by adopting the method of [17]. Therefore a natural
question which is still open is whether (1.1) has infinitely many sign changing solutions for
any a ∈ C1(Ω¯) such that a > 0.
A very important result by Schechter and Zou [15] asserts that there exists infinitely many
sign changing solutions to the Brezis-Nirenberg problem in higher dimension. Very recently
this kind of technique were also used in [8] and [9] to prove the existence of infinitely many sign
changing solutions of Hardy-Sobolev-Maz’ya type equations and Brezis-Nirenberg problem
in hyperbolic space respectively.
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So far in the literature the only two papers that deal with the sign changing solution of (1.1)
are [4] and [5]. In [4], a pair of sign changing solutions and in [5] infinitely many sign changing
solutions were obtained for (1.1) when t = 2, the function a is constant and 0 ∈ Ω. More
precisely in [5], the following equation problem was studied:
−∆u = |u|
2⋆−2u+ µ u
|x|2
+ λu in Ω,
u = 0 on ∂Ω,
(1.5)
where λ > 0 is a constant, 0 ∈ Ω. We like to point out as in [17] that, there is some differences
between the case t = 2 and t ∈ (0, 2). If t = 2, solutions of (1.5) are singular at 0 and that
was the main reason to impose the condition µ ∈
(
0,
(N − 2)2
4
− 4
)
in [5]. If t ∈ (0, 2),
no such condition is needed. Also, there are some differences between the cases when a is a
constant function and not a constant function.
Our main theorem is the following:
Theorem 1.1. Let N ≥ 7, 0 ∈ ∂Ω, all the principal curvatures of ∂Ω at 0 be negative and
(1.2) hold. Then Equation (1.1) has infinitely many sign changing solutions.
We will prove this theorem by applying an abstract theorem by Schechter and Zou [15,
theorem 2]. However we can not apply that theorem directly as I, that is, the variational
problem corresponding to (1.1) does not satisfy Palais-Smale condition. To overcome this
difficulty we consider the perturbed subcritical problem
−∆u = µ|u|
2⋆−2−ǫnu+ |u|
2⋆(t)−2−ǫnu
|x|t + a(x)u in Ω,
u = 0 on ∂Ω,
(1.6)
where 0 < ǫn ↓ 0. We will prove that for each ǫn, (1.6) has a sequence of sign changing
solution {un,l}
∞
l=1 and we will show that Morse index of {un,l}
∞
l=1 has a lower bound. Then
we will prove that for fixed l, supn∈N ||un,l||H10 (Ω) <∞.
We organize the paper as follows. In Section 2, we prove the existence and the estimate of
Morse index of sign changing solution of (1.6). Using this, in Section 3 we prove Theorem
1.1. In Section 4, we prove a nonexistence result in star shaped domain under some condition
on the function a.
Notation: Through out this paper we denote the norm in H10 (Ω) by ||u|| =
(∫
Ω
|∇u|2dx
) 1
2
and |u|q,t,Ω :=
(∫
Ω
|u|q
|x|t
dx
) 1
q
. We say u ∈ Lqt (Ω) If |u|q,t,Ω <∞.
2 Existence of sign changing critical points
Consider the weighted eigenvalue prob:
−∆u = λa(x)u in Ω; u = 0 on ∂Ω. (2.1)
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Since a ∈ C1(Ω¯) and strictly positive, the above operator has infinitely many eigenvalues
{λi}
∞
i=1 such that 0 < λ1(Ω) < λ2(Ω) ≤ λ3(Ω) ≤ · · · ≤ λl(Ω) ≤ · · · . Therefore, we can write
λ1 = inf
u∈H10 (Ω),u 6=0
∫
Ω
|∇u|2dx∫
Ω
a(x)u2dx
. (2.2)
Let φi be the orthonormal eigen vectors corresponding to λi where we know φ1 > 0. We
denote Ek = span{φ1, · · · , φk}. Then Ek ⊂ Ek+1 and H
1
0 (Ω) = ∪
∞
k=1Ek (see [10]).
Lemma 2.1. Suppose all the assumptions in Theorem 1.1 hold. In addition, if λ1 ≤ 1, then
Equation (1.1) has infinitely many sign changing solutions.
Proof. By multiplying the Equation (1.1) by φ1 and integrating by parts, it is easy to
check that if λ1 ≤ 1, then any nontrivial solution of (1.1) has to change sign. Also by [17,
Theorem 1.2], it follows that Equation (1.1) has infinitely many solutions. Therefore the
lemma follows. 
Therefore now onwards we assume λ1 > 1. We fix ǫ0 > 0 small enough and choose a
sequence ǫn ∈ (0, ǫ0) such that ǫn ↓ 0 in (1.6).
We define the energy functional corresponding to (1.6) as
In(u) =
1
2
∫
Ω
|∇u|2 dx−
1
2
∫
Ω
a(x)|u|2 dx−
µ
2∗ − ǫn
∫
Ω
|u|2
∗−ǫn dx−
1
2∗(t)− ǫn
∫
Ω
|u|2
∗(t)−ǫn
|x|t
dx.
(2.3)
Then In is an even C
2 functional on H10 (Ω). Also, In satisfies Palais-Smale condition for
each n. Therefore by Ambrosetti and Rabinowitz [1], (1.6) has infinitely many critical points
{un,l}
∞
l=1. More precisely, it follows from [16] that there are positive numbers cn,l, l = 1, 2, · · · ,
with cn,l ↑ ∞ as l ↑ ∞ and In(un,l) = cn,l. We define the augmented Morse index of un,l by
m∗(un,l) as follows:
m∗(un,l) := max{dim H : H ⊂ H
1
0 (Ω) is a subspace such that I
′′
n(v, v) ≤ 0 ∀v ∈ H
1
0 (Ω)}.
For each ǫn, We define
||u||∗,n = µ|u|L2∗−ǫn (Ω) +
(∫
Ω
|u|2
∗(t)−ǫn
|x|t
) 1
2∗(t)−ǫn
; ∀ u ∈ H10 (Ω).
Here we state two lemmas in the same spirit as in [8]. therefore we omit the proof.
Lemma 2.2. If Ω is a bounded domain in RN , 0 ≤ t < 2, N ≥ 3 and 1 ≤ q ≤ p < ∞, then
L
p
t (Ω) ⊂ L
q
t (Ω) and the inclusion is continuous.
Lemma 2.3. Let 1 ≤ q < 2∗(t), 0 ≤ t < 2 and N ≥ 3. Then the embedding H10 (Ω) ⊂ L
q
t (Ω)
is compact.
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Therefore by (1.4), Lemma 2.2 and Lemma 2.3, we have ||u||∗,n ≤ C||u||H10 (Ω) where C is
independent of n and ||ul − u||∗,n → 0 whenever ul ⇀ u in H
1
0 (Ω). Hence (A0) of [15] is
satisfied.
We define, P := {u ∈ H10 (Ω) : u ≥ 0} and Kn := {u ∈ H
1
0 (Ω) : I
′
n(u) = 0}. For each δ > 0,
we define D(δ) := {u ∈ H10 (Ω) : dist(u,P) < δ} .
The gradient I
′
n is of the form I
′
n(u) = u−Kn(u), whereKn : H
1
0 (Ω)→ H
1
0 (Ω) is a continuous
operator. In the next proposition, we will see how the operator, Kn, behaves on D(δ).
Proposition 2.4. Let λ1 > 1 and (1.2) hold. Then for any δ0 > 0 small enough,
Kn(±D(δ0)) ⊂ ±D(δ) ⊂ ±D(δ0) for some δ ∈ (0, δ0). Moreover, ±D(δ0) ∩ Kn ⊂ P.
Proof. First we note that Kn(u) can be decomposed as Kn(u) = L(u) + Gn(u), where
L(u), Gn(u) ∈ H
1
0 (Ω) are the unique solutions of the following equations:
−∆(L(u)) = a(x)u; −∆(Gn(u)) = µ|u|
2∗−2−ǫnu+
|u|2
∗(t)−2−ǫnu
|x|t
.
In other words, L(u) and Gn(u) are uniquely determined by
〈L(u), v〉H10 (Ω)
=
∫
Ω
a(x)uvdx, (2.4)
〈Gn(u), v〉H10 (Ω)
= µ
∫
Ω
|u|2
∗−2−ǫnuvdx+
∫
Ω
|u|2
∗(t)−2−ǫnuv
|x|t
dx. (2.5)
We claim that, if u ∈ P then L(u), Gn(u) ∈ P. To see this, let u ∈ P. Then
−
∫
Ω
|∇L(u)−|2dx =
〈
L(u), L(u)−
〉
H10 (Ω)
=
∫
Ω
a(x)uL(u)− ≥ 0,
which immediately implies L(u) ∈ P. Similary, we have Gn(u) ∈ P.
Using (2.4) we see,
||L(u)||2 = 〈L(u), L(u)〉H10 (Ω)
=
∫
Ω
a(x)uL(u) ≤
(∫
Ω
a(x)u2dx
) 1
2
(∫
Ω
a(x)L(u)2dx
) 1
2
(2.6)
Therefore using (2.2) in the above expression, we obtain
||L(u)||2
H10 (Ω)
≤
1
λ1
||u||H10 (Ω)||L(u)||H10 (Ω),
which yields ||L(u)||H10 (Ω) ≤
1
λ1
||u||H10 (Ω).
For any u ∈ H10 (Ω) we consider v ∈ P such that dist(u,P) = ||u− v||. Then
dist(L(u),P) ≤ ||L(u)− L(v)|| ≤
1
λ1
||u− v|| ≤
1
λ1
dist(u,P). (2.7)
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Next,
dist(Gn(u),P)||Gn(u)
−|| ≤ ||Gn(u)−Gn(u)
+||||Gn(u)
−|| = ||Gn(u)
−||2
≤ −
〈
Gn(u), Gn(u)
−
〉
H10 (Ω)
= −µ
∫
Ω
|u|2
∗−2−ǫnuGn(u)
− −
∫
Ω
|u|2
∗(t)−2−ǫnuGn(u)
−
|x|t
≤ µ
∫
Ω
|u|2
∗−2−ǫnu−Gn(u)
− +
∫
Ω
|u|2
∗(t)−2−ǫnu−Gn(u)
−
|x|t
= µ
∫
Ω
|u−|2
∗−1−ǫnGn(u)
− +
∫
Ω
|u−|2
∗(t)−1−ǫnGn(u)
−
|x|t
≤ µ
(∫
Ω
|u−|2
∗−ǫndx
) 2∗−1−ǫn
2∗−ǫn
(∫
Ω
|Gn(u)
−|2
∗−ǫndx
) 1
2∗−ǫn
+
(∫
Ω
|u−|2
∗(t)−ǫn
|x|t
dx
) 2∗(t)−1−ǫn
2∗(t)−ǫn
(∫
Ω
|Gn(u)
−|2
∗(t)−ǫn
|x|t
dx
) 1
2∗(t)−ǫn
.(2.8)
By using Lemma 2.2 and the Sobolev inequality, the last term in the RHS of the above
expression (2.8) can be shown less than
C
(
|u−|2
∗−1−ǫn
L2
∗−ǫn
+ |u−|
2∗(t)−1−ǫn
L
2∗(t)−ǫn
t
)
||Gn(u)
−||H10 (Ω).
Therefore we obtain from (2.8),
dist(Gn(u),P) ≤ C
(
|u−|2
∗−1−ǫn
L2
∗−ǫn
+ |u−|
2∗(t)−1−ǫn
L
2∗(t)−ǫn
t
)
Using (1.4), it is easy to check that, from the above equation we can obtain
dist(Gn(u),P) ≤ C
(
dist(u,P)2
∗−1−ǫn + dist(u,P)2
∗(t)−1−ǫn
)
∀ u ∈ H10 (Ω),
(see [5], [8]). As λ1 > 1, we choose ν ∈ (
1
λ1
, 1). Then there exists δ0 > 0 such that if δ ≤ δ0,
we have
dist(Gn(u),P) ≤
(
ν −
1
λ1
)
dist(u,P) ∀ u ∈ D(δ). (2.9)
Combining (2.7) and (2.9), we obtain
dist(Kn(u),P) ≤ dist(L(u),P) + dist(Gn(u),P) ≤ ν dist(u,P) ∀ u ∈ D(δ).
Hence we get, Kn(D(δ0) ⊂ D(δ)) ⊂ D(δ0)) for some δ ∈ (0, δ0). Also if, dist(u,P) < δ0 and
I
′
n(u) = 0 that is, u = Kn(u), then we have, dist(u,P) = dist(Kn(u),P) ≤ νdist(u,P), which
immediately implies u ∈ P. Similarly we can prove Kn(−D(δ0)) ⊂ −D(δ) ⊂ −D(δ0) for some
δ ∈ (0, δ0) and −D(δ0) ∩ Kn ⊂ P. This completes the proof. 
Lemma 2.5. Let λ1 > 1 and (1.2) hold. Then for each k, lim||u||→∞,u∈Ek In(u) = −∞
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Lemma 2.6. Let λ1 > 1 and (1.2) hold. Then for any α1, α2 > 0, there exists an α3
depending on α1 and α2 such that ||u|| ≤ α3 for all u ∈ I
α1
n ∩ {u ∈ H
1
0 (Ω) : ||u||∗,n ≤ α2},
where Iα1n = {u ∈ H
1
0 (Ω) : In(u) ≤ α1}.
The above two lemmas are quite standard and can be proved by using the similar technique
as in [8].
Theorem 2.7. Let λ1 > 1 and (1.2) hold. Then for each n, Equation (1.6) has infinitely
many sign changing solutions {un,l}
∞
l=1 such that for each l, the sequence {un,l} is bounded
in H10 (Ω) and the augmented Morse index of un,l is greater than or equal to l.
Proof. By applying Proposition 2.4, Lemma 2.5 and Lemma 2.6, we see that In satisfies
all the assumptions (A1)− (A3)in [15, Theorem 2]. Hence by [15, Theorem 2], In has a sign
changing critical point un,l at the level cn,l, where cn,l ≤ supEl+1 In and m
∗(un,l) ≥ l.
Claim: There exists positive constant T1, independent of n and l such that
cn,l ≤ T1λ
2∗(t)−ǫ0
2(2∗(t)−ǫ0−2)
l+1 .
To see this, we note that since 2∗(t)− ǫ0 > 2, then
||u||2 ≤ λl+1|u|
2
L2(Ω) ≤ Cλl+1|u|
2
L
2∗(t)−ǫ0
t (Ω)
∀ u ∈ El+1, (2.10)
where C > 0 is a constant independent of n, l. Since for 0 < t < 2, 2∗(t)− ǫ0 < 2
∗(t)− ǫn, by
Ho¨lder inequality, it is easy to check that, there exists constants D1,D
′
1 > 0, independent of
n, l such that |u|
L
2∗(t)−ǫ0
t (Ω)
< D1|u|L2
∗(t)−ǫn
t (Ω)
+D′1. Therefore,
In(u) ≤
1
2
∫
Ω
|∇u|2dx−
1
2∗(t)− ǫn
∫
Ω
|u|2
∗(t)−ǫn
|x|t
dx
≤
1
2
||u||2 −D2
∫
Ω
|u|2
∗(t)−ǫ0
|x|t
dx+D3,
where D2,D3 > 0 are constants independent of n, l. Using (2.10) in the above expression, we
have for all u ∈ El+1,
In(u) ≤
1
2
||u||2 −D4λ
−
2∗(t)−ǫ0
2
l+1 ||u||
L2
∗(t)−ǫ0
+D3 ≤ D5λ
2∗(t)−ǫ0
2(2∗(t)−ǫ0−2)
l+1 +D3 ≤ T1λ
2∗(t)−ǫ0
2(2∗(t)−ǫ0−2)
l+1 ,
where Di(i = 1, · · · , 5) and T1 are positive constants independent of n, l. Since energy of any
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critical point is non-negative, we conclude, In(un,l) ∈ [0, T1λ
2∗(t)−ǫ0
2(2∗(t)−ǫ0−2)
l+1 ]. Also we see that,
In(un,l) = In(un,l)−
1
2∗(t)− ǫn
I ′n(un,l)(un,l)
=
(
1
2
−
1
2∗(t)− ǫn
)∫
Ω
(|∇un,l|
2 − a(x)u2n,l)dx
+ µ
(
1
2∗(t)− ǫn
−
1
2∗ − ǫn
)∫
Ω
|un,l|
2∗−ǫndx
≥
(
1
2
−
1
2∗(t)− ǫ0
)∫
Ω
(|∇un,l|
2 − a(x)u2n,l)dx
≥
(
1
2
−
1
2∗(t)− ǫ0
)(
1−
1
λ1
)
||un,l||
2
As λ1 > 1, coefficient in the RHS is strictly positive. Hence {un,l}
∞
n=1 is bounded in H
1
0 (Ω)
for each l, which completes the proof. 
3 Proof of Theorem 1.1
We start this section by quoting a Theorem from Yan and Yang [17, Theorem 1.1]
Theorem 3.1. Let a ∈ C1(Ω¯), a(0) > 0 and 0 ∈ ∂Ω, all the principal curvatures of ∂Ω at 0
are negative. If N ≥ 7, µ ≥ 0, then for any un which is a solution of (1.6) with ǫ = ǫn → 0,
satisfying ||un|| ≤ C, for some constant independent of n, then un converges strongly in
H10 (Ω). 
Proof of Theorem 1.1: Combining Theorem 2.7 and Theorem 3.1, we obtain un,l → ul in
H10 (Ω) as n→∞. Then {ul}
∞
l=1 is a sequence of solution to the Equation (1.1) with energy
cl ∈ [0, T1λ
2∗(t)−ǫ0
2(2∗(t)−ǫ0−2)
l+1 ]. Next, we claim that ul is sign changing for each l. To see this, we
note that as I ′n(un,l) = 0, we get∫
Ω
(
|∇u±n,l|
2 − a(x)|u±n,l|
2
)
dx = µ
∫
Ω
|u±n,l|
2∗−ǫndx+
∫
Ω
|u±n,l|
2∗(t)−ǫn
|x|t
dx
Therefore, using (2.2) we have
(
1−
1
λ1
)
||u±n,l||
2 ≤ µ
∫
Ω
|u±n,l|
2∗−ǫndx+
∫
Ω
|u±n,l|
2∗(t)−ǫn
|x|t
dx.
Since
(
1− 1
λ1
)
< 1, by using Lemma 2.2 and Sobolev inequality (1.4) in the above expression,
we obtain ||u±n,l|| ≥ C > 0, where C is independent of n. This in turn implies, ||u
±
l || ≥ C
′ > 0.
Hence the claim follows.
To complete the proof, the last thing remains to show that infinitely many u′ls are different.
This is equivalent to prove liml→∞ I(ul) = liml→∞ cl = ∞. We prove this by method of
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contradiction. Suppose, liml→∞ cl ≤ c < ∞. For each l, we can find nl > l such that
|cnl,l − cl| <
1
l
. Therefore, liml→∞ cnl,l = liml→∞ cl < c <∞. Since I
′
n(unl,l) = 0, once again
it proves that {unl,l} is bounded in H
1
0 (Ω). Therefore by Theorem 3.1, {unl,l} converges in
H10 (Ω) and augmented Morse index of {unl,l}
∞
l=1 remains bounded, which is a contradiction
to the fact that m∗(unl,l) ≥ l. This completes the proof. 
4 Nonexistence result
Theorem 4.1. Suppose N ≥ 3, a ∈ C1(Ω¯) and
(
a(x) + 12x · ∇a
)
≤ 0 for every x ∈ Ω. Then
Equation (1.1) does not have any nontrivial solution in a domain which is star shaped domain
with respect to the origin.
Proof. We will prove this using the Pohozaev identity in the spirit of [2]. For ǫ > 0 and
R > 0, define φǫ,R := φǫ(x)ψR(x), where φǫ(x) = φ(
|x|
ǫ
), ψR(x) := ψ(
|x|
R
), φ and ψ are
smooth functions in R with the properties 0 ≤ φ,ψ ≤ 1, with supports of φ,ψ in (1,∞) and
(−∞, 2) respectively and φ(t) = 1 for t ≥ 2 and ψ = 1 for t ≤ 1.
Let u be any solution of Equation (1.1), then u is smooth away from the origin and hence
(x · ∇u)φǫ,R ∈ C
2
c (Ω¯). Multiplying Equation (1.1) by (x · ∇u)φǫ,R and integrating by parts
we obtain,∫
Ω
∇u∇
(
(x · ∇u)φǫ,R
)
dx−
∫
∂Ω
∂u
∂ν
(x · ∇u)φǫ,RdS = µ
∫
Ω
|u|2
∗−2u(x · ∇u)φǫ,Rdx
+
∫
Ω
|u|2
∗(t)−2u
|x|t
(x · ∇u)φǫ,Rdx
+
∫
Ω
a(x)u(x · ∇u)φǫ,Rdx (4.1)
RHS can be simplified as follows:
RHS =
µ
2∗
∫
Ω
∇(|u|2
∗
) · xφǫ,Rdx+
1
2∗(t)
∫
Ω
∇(|u|2
∗(t)) · x
φǫ,R
|x|t
dx
+
1
2
∫
Ω
a(x)∇(|u|2) · xφǫ,Rdx
= −µ
(
N − 2
2
)∫
Ω
|u|2
∗
φǫ,Rdx−
µ
2∗
∫
Ω
|u|2
∗
(x · ∇φǫ,R)dx
−
N − 2
2
∫
Ω
|u|2
∗(t)
|x|t
φǫ,Rdx−
1
2∗(t)
∫
Ω
|u|2
∗(t)
|x|t
(x · ∇φǫ,R)dx
−
N
2
∫
Ω
a(x)|u|2φǫ,Rdx−
1
2
∫
Ω
a(x)|u|2(x · ∇φǫ,R)dx
−
1
2
∫
Ω
|u|2(x · ∇a)φǫ,Rdx (4.2)
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As |x · ∇φǫ,R| = |x(ψR∇φǫ + φǫ∇ψR)| ≤ C, by using dominated convergence theorem, it is
easy to check that
lim
R→∞
lim
ǫ→0
RHS = −
(
N − 2
2
)(
µ
∫
Ω
|u|2
∗
dx+
∫
Ω
|u|2
∗(t)
|x|t
dx
)
−
N
2
∫
Ω
a(x)u2dx−
1
2
∫
Ω
|u|2(x · ∇a)dx. (4.3)
Following the calculation in [2, Theorem 4.1], LHS of (4.1) can be estimated as
LHS = −
(
N − 2
2
)∫
Ω
|∇u|2φǫ,Rdx−
1
2
∫
∂Ω
(
∂u
∂ν
)2
(x · ν)φǫ,RdS
−
1
2
∫
Ω
|∇u|2(x · ∇φǫ,R)dx+
∫
Ω
(x · ∇u)(∇u · ∇φǫ,R)dx (4.4)
Here we used the fact that, x · ∇u = x · ν ∂u
∂ν
on ∂Ω, since u = 0 on ∂Ω. First three terms in
the right hand side of (4.4) can be estimated as before. For the last term we can see that
lim
R→∞
lim
ǫ→0
|
∫
Ω
(x · ∇u)(∇u · ∇φǫ,R)dx|
= lim
R→∞
lim
ǫ→0
|
∫
Ω
(x · ∇u)
(
ψR(∇u · ∇φǫ) + φǫ(∇u · ∇ψR)
)
dx|
≤ lim
ǫ→0
C1
∫
ǫ≤|x|≤2ǫ
|∇u|2dx+ lim
R→∞
C2
∫
R≤|x|≤2R
|∇u|2dx
= 0
Therefore from (4.4) we get,
lim
R→∞
lim
ǫ→0
LHS = −
(
N − 2
2
)∫
Ω
|∇u|2dx−
1
2
∫
∂Ω
(
∂u
∂ν
)2
(x · ν)dS (4.5)
combining (4.3) and (4.5), and using Equation (1.1), we obtain
−
∫
Ω
(
a(x) +
1
2
x · ∇a
)
|u|2dx+
1
2
∫
∂Ω
(
∂u
∂ν
)2
(x · ν)dS = 0.
Since Ω is star shaped with respect to the origin, 2nd term in the LHS of the above expression
is nonnegative and by the assumptions of this Theorem, the 1st term is also nonnegative.
hence by the principle of unique continuation u = 0 in Ω. This completes the proof. 
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